Two additional solutions of new shear-horizontal surface acoustic waves (SH-SAWs) are found in this theoretical report. The SH-SAW propagation is managed by the free surface of a solid when it has a direct contact with a vacuum. The studied smart solid represents the transversely isotropic piezoelectromagnetic (magnetoelectroelastic or MEE) medium that pertains to crystal symmetry class 6 mm. In the developed theoretical treatment, the solid surface must be mechanically free. Also, the magnetic and electrical boundary conditions at the common interface between a vacuum and the solid surface read: the magnetic and electrical displacements must continue and the same for the magnetic and electrical potentials. To obtain these two new SH-SAW solutions, the natural coupling mechanisms such as e h µ α − and 2 εµ α − present in the coefficient of the magnetoelectromechanical coupling (CMEMC) can be exploited. Based on the obtained theoretical results, it is possible that a set of technical devices (filters, sensors, delay lines, lab-on-a-chip, etc.) based on smart MEE media can be developed. It is also blatant that the obtained theoretical results can be helpful for the further theoretical and experimental studies on the propagation of the plate SHwaves and the interfacial SH-waves in the MEE (composite) media. The most important issue can be the influence of the magnetoelectric effect on the SH-wave propagation. One must also be familiar with the fact that the surface, interfacial, and plate SH-waves can frequently represent a common tool for nondestructive testing and evaluation of surfaces, interfaces, and plates, respectively.
tively. It is necessary to briefly review the theory developed in book [61] for the SH-SAW propagation along the free surface of the hexagonal (6 mm) PEMs. For a PEM medium, acoustic wave propagation coupled with both the electrical and magnetic potentials requires suitable thermodynamic functions and thermodynamic variables. The mechanical stress, electrical induction (D), and magnetic flux (B) can be chosen as the appropriate thermodynamic functions [61] in the case of linear elasticity. As a result, the thermodynamic variables are the mechanical strain, electrical field (E), and magnetic field (H). In such thermodynamic treatment, all the material constants can be thermodynamically determined. The electrical field components (E i ) and the magnetic field components (H i ) can be defined by the electrical potential φ and magnetic potential ψ, respectively: E i = -∂φ/∂x i and H i = -∂ψ/∂x i , where x i represent the real space components and the index i runs from 1 to 3.
Exploitation of the equilibrium equations and the corresponding Maxwell equations written in the form of the quasi-static approximation [66] [67] can constitute the coupled equations of motion representing partial second derivatives. Using the plane wave solution, the coupled equations of motion can be then written in the tensor form representing the Green-Christoffel equation [61] . The Green-Christoffel equation representing a polynomial is the main equation to study acoustic wave propagation coupled with both the electrical and magnetic potentials. To resolve this equation means to determine the eigenvalues and corresponding eigenvectors.
There are high symmetry propagation directions [67] [68] in which "pure" waves with the in-lane polarization and "pure" waves with the anti-pale polarization (shear-horizontal polarization) can exist. When the pure waves with the anti-plane polarization are coupled with both the electrical and magnetic potentials, the pure waves with the in-lane polarization represent purely mechanical waves, and vice versa. The appropriate cuts and propagation directions for materials with an assortment of symmetry classes are listed in works [67] [68] . It is central to state that each symmetry class has its own set of the material constants [69] [70] .
For materials of symmetry class 6 mm, the suitable propagation directions are mentioned in review paper [71] and review paper [1] exhibits the coordinate system that is fitting for PEMs, pure PEs, and pure PMs. It is necessary to mention that in the pure PEs (or PMs) the surface Bleustein-Gulyaev waves [72] [73] can propagate. Using the rectangular coordinate system (x 1 , x 2 , x 3 ), it is necessary to clarify that the SH-SAW propagation direction, sixfold symmetry axis of the PEM material, and the surface normal must be managed along the x 1 -, x 2 -, and x 3 -axes, respectively. Consequently, such propagation directions can support the coupling of the elastic SH-waves with both the electrical and magnetic potentials. For the case of the SH-wave propagation, the Green-Christoffel equation is simplified and all the apt eigenvalues and the corresponding eigenvectors in the form of ( ) 0 0 0 0 0 2 4 5 , , U U U ϕ ψ = = can be analytically determined. The following section starts with the Green-Christoffel equation for the case of the SH-wave propagation in the suitable direction when there is the coupling of the SH-waves with both the magnetic and electrical potentials. It also develops the theory leading to extra two solutions of new SH-SAWs (see final formulae (60) and (66) corresponding to the coupling mechanism such as e h µ α − [74] ) for the certain set of the boundary conditions mentioned above. It is also worth noting that the eighth and ninth new SH-SAWs corresponding to the other coupling mechanism such as e h α ε − [74] were discovered in theoretical work [75] . Consequently, one has to look through the further analysis to be familiar with the explicit forms of the discovered tenth and eleventh new SH-SAWs. These extra two new solutions are possible because only one of three suitable eigenvalues depends on the phase velocity and all the apt corresponding eigenvector components do not depend on the velocity that will be demonstrated in the following section.
Theory Leading to Two New Results
In the appropriate propagation directions mentioned in the previous section, the SH-wave propagation can be coupled with both the magnetic and electrical potentials. In the case of surface wave, the anti-plane polarized SH-waves can be localized at the free surface of the transversely isotropic PEM continuum of symmetry class 6 mm. The treated SH-waves propagates along the x 1 -axis of the rectangular coordinate system (x 1 , x 2 , x 3 ). In this case there is only the single mechanical displacement component U = U 2 directed along the x 2 -axis. These propagation directions allow the existence of the following independent nonzero material constants: the elastic stiffness constant C, piezomagnetic coefficient h, piezoelectric constant e, dielectric permittivity coefficient ε, magnetic permeability coefficient μ, and electromagnetic constant α. They are defined by the following equalities: 44 66 C C C = = , 16 34 e e e = = , 16 34 h h h = = , 11 33 ε ε ε = = , 11 33 µ µ µ = = , and 11 33 α α α = = [61] . The propagation direction can be defined by the directional cosines (n 1 ,n 2 ,n 3 ) respectively directed along the (x 1 , x 2 , x 3 ) axes, where n 1 = 1, n 2 = 0, and n 3 ≡ n 3 . They are coupled with the components (k 1 ,k 2 ,k 3 ) of the wavevector K as follows: ( ) (  )   1  2  3  1  2  3 , , , , k k k k n n n = , where k is the wavenumber in the propagation direction. All the suitable eigenvalues n 3 and the corresponding eigenvectors ( ) (  )   0  0  0  0  0  0  2  4  5 , , , , U U U U ϕ ψ = must be disclosed. When only the SH-wave propagation is coupled with both the electrical potential φ and the magnetic potential ψ, the corresponding coupled equations of motion representing the partial differential equations of the second order are written and they have the plane wave form solutions [61] . Substituting the solutions into the differential form for the coupled equations of motion, the tensor form of the coupled equations of motion can be expressed by three homogeneous equations. The differential and tensor forms of the coupled equations of motion are identical and therefore, it is possible to start the analysis with the tensor form known as the modified Green-Christoffel equation. Using the corresponding nonzero Green-Christoffel tensor components [61] , the following three homogeneous equations naturally written in the matrix form can be composed:
where 2 3 1 m n = + ; ρ and V ph are the PEM mass density and the phase velocity, respectively. The velocity V ph is defined by V ph = ω/k, where ω is the angular frequency. Also, V t4 stands for the speed of the shear-horizontal bulk acoustic wave (SH-BAW). This velocity is uncoupled with both the electrical and magnetic potentials. This speed of the purely mechanical SH-wave is defined by
All the appropriate eigenvalues n 3 can be determined when the determinant of the coefficient matrix in Equations (1) vanishes. Expanding the matrix determinant, the following secular equation consisting of three factors can be readily obtained:
In expression (3), 2 em K stands for the coefficient of the magnetoelectromechanical coupling (CMEMC) defined by the following formula: 
It is obvious that CMEMC (4) can be represented as the material parameter depending on the following three different coupling mechanisms [74] that naturally contain the electromagnetic constant α: e h µ α
It is apparent that equality (3) is satisfied as soon as one of three factors on the left-hand side is equal to zero. Thus, the first and second factors can become equal to zero for the following identical eigenvalues [61] [64] [75] :
The third factor in equation (3) 
where the velocity V tem represents the speed of the SH-BAW coupled with both the electrical and magnetic potentials and is defined as follows:
Found suitable eigenvalues (8) and (9) possess negative imaginary parts to have wave damping towards depth of the PEM material. Using them in equations (1), it is possible to reveal the corresponding eigenvectors [61] . It is natural to use the first equation in matrix form (1) to demonstrate the dependence of the eigenvector component U 0 on both the components φ 0 and ψ 0 . Using this U 0 for the second and third equations, it is possible to get two homogeneous equations. Therefore, one can write
It is natural to utilize Equations (11) and (13) to obtain the eigenvector components such as U 0 , φ 0 , and ψ 0 . Using 2 3 1 0 m n =+ = for eigenvalues (8) , it is possible to have the following eigenvector components [61] discussed in [76] :
For eigenvalue (9) with m ≠ 0, the corresponding eigenvector components are as follows: 
In expression (16), the nondimensional parameters
where the last is called the coefficient of the magnetomechanical coupling (CMMC). The obtained eigenvalues and the corresponding eigenvectors are employed to compose the complete mechanical displacement U Σ , complete electrical potential φ Σ , and complete magnetic potential ψ Σ . Using the weight factors F (1) , F (3) , and F (5) , these parameters are also written in the plane wave forms as follows:
where t is time and j is the imaginary unity, j = (-1) 1/2 . These weight factors can be found when the boundary conditions are applied. The mechanical, electrical, and magnetic boundary conditions are perfectly described in theoretical work [63] . For the further analysis, let's use F 1 , F 2 , and F 3 instead of F (1) , F (3) , and F (5) , respectively. It is worth mentioning that in this case there are two identical eigenvalues (8) . This fact allows the utilization of F = F 1 + F 2 that will be naturally used below and plays a crucial role in the discovery of new SH-SAWs. Therefore, it is possible to state that this three-partial wave with F 1 , F 2 , and F 3 looks like a hidden two-partial wave with F and F 3 .
At the interface between the PEM medium and a vacuum (x 3 = 0) the mechanically free surface requires that the normal component of the stress tensor must vanish, namely σ 32 = 0 [61] . The electrical boundary conditions at the interface include the continuity of both the electrical induction (D 3 = D f ) and the electrical potential (φ = φ f ) where the superscript f relates to a vacuum. Besides, the magnetic boundary conditions at the interface include the continuity of both the magnetic flux (B 3 = B f ) and the magnetic potential (ψ = ψ f ). For the PEM medium, the parameters corresponding to the mechanical, electrical, and magnetic boundary conditions can be expressed as follows:
.
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where 3) , and F 3 = F (5) . The corresponding vacuum parameters read:
where F E and F M are the electrical and magnetic weight factors, respectively. In order to elucidate the vacuum material parameters, it is essential to state that the elastic constant C 0 of the free space (vacuum) is as high as C 0 = 0.001 Pa [77] . It is clearly seen that it must be multiplied by a factor of 10 13 in order to be comparable with the corresponding material parameter of a solid. Thus, the neglect of this vacuum parameter is understandable in the calculations. However, the other two material parameters must be accounted. They are the magnetic permeability constant, [ ] Utilizing the equations corresponding to the mechanical, magnetic, and electrical boundary conditions written above, the following matrix form of three homogeneous equations [61] can be inscribed: 1  0 1  3  3  0 3  3  0 3  5  5  0 5  5  0 5  3  3  0  3  3  3  0  3  3  3  0  3   0 1  0 3  1  1 0 1  1  0 1  3  3  0 3  3  0 3  3  3  3  0  3  3 
where the corresponding eigenvalues n 3 are used instead of k 3 = kn 3 . The vacuum material parameters ε 0 and μ 0 are already accounted in equations (32) because the vacuum weight factors F E and F M can be naturally excluded; see the boundary conditions written above.
It is natural to use expressions (15) and (16) to simplify equations (32) . As a result, the following equalities can be used to significantly simplify equations (32): 
The exploitation of equalities from (33) to (38) and eigenvalues (8) and (9) for the matrix form (32) allows one to rewrite three homogeneous equations (32) in the following simplified forms:
It is apparent that three homogeneous equations written in matrix form (32) with their simplified forms obtained in equations from (39) to (41) are identical. Therefore, it is possible to compose the determinant of the coefficient matrix called the determinant of the boundary conditions that must vanish to obtain a certain phase velocity V ph satisfying the boundary conditions. Analyzing equations from (39) to (41) , it is possible to reveal that the composed determinant will have two identical columns such as the first and second ones. This peculiarity allows the conclusion such that the matrix determinant will be equal to zero at any value of the phase velocity V ph . This means that there is uncertainty for the velocity V ph . However, the value of the suitable SH-SAW speed must not exceed the value of the SH-BAW speed V tem . Indeed, all the apt SH-SAW speeds satisfying the boundary conditions must be disclosed.
To avoid this uncertainty for the phase velocity V ph , it is natural to use F = F 1 + F 2 and to rewrite equations from (39) to (41) 
It is visible that the set of equations from (42) to (44) is the same to the set of equations from (39) to (41) because F = F 1 + F 2 was used. There is already no uncertainty of the phase velocity V ph for the set of equations from (42) to (44) . This is true because they represent three homogeneous equations in two unknown weight factors such as F and F 3 . It is well-known that such new system of equations can have a certain solution of the velocity V ph when three equations from (42) to (44) are dependable from each other. This happens as soon as one equation represents a sum of two others. Therefore, three equations from (42) to (44) must be properly transformed into a set of suitable consistent equations.
In order to obtain three consistent equations, it is natural to treat equation (43) as the main one and multiply
Equations (42) and (44) 
So, three equations from (45) to (47) in two unknowns F and F 3 are consistent because the left-hand side of main equation (46) can become equal to zero as soon as equations (45) and (47) are successively subtracted from equation (46) . This subtraction leads to the certain velocity of new SH-SAW. Also, main equation (46) can be used to disclose the explicit forms of the weight factors F and F 3 . It is also convenient to rewrite three equations from (45) to (47) as the following set of two equations in two unknowns F and F 3 :
where Equation (48) represents a sum of equations (45) and (47) .
It is clearly seen in the first term of equations (48) and (49) that the factor at F such as ( ) 2 0 -ε ε µ α   +   can be interpreted as coupling mechanism (7) of CMEMC (4) such as (εμ -α 2 ) when the vacuum electrical parameter ε 0 must be also included. To determine the SH-SAW velocity, it is necessary to subtract equation (48) from Equation (49), or vice versa, because they must be identical. So, the value of the velocity V new2 of the new SH-SAW recently discovered in book [61] (the new SH-SAW velocity is defined by expression (120) in the book, see also papers [1] [78]) can be calculated with the following explicit formula: 
In formula (50) 
It is worth mentioning that the SH-SAW defined by expression (50) represents one of the seven new SHSAWs recently discovered in book [61] . This new SH-SAW can propagate along the free surface of the hexagonal PEM medium of symmetry class 6 mm. Also, it is natural to demonstrate the case when the piezomagnetic and electromagnetic constants vanish, namely h = 0 and α = 0. In this case, the PEM SH-SAW defined by expression (50) 
In definition (52), V te and 2 e K respectively stand for the SH-BAW velocity coupled with the electrical potential and the coefficient of the electromechanical coupling (CEMC). They represent very important material characteristics of a pure piezoelectrics and read as follows:
In formula (53), the velocity V t4 is defined by expression (2). Formula (50) for the new SH-SAW velocity discovered in book [61] is given in this paper for comparison with the other new results obtained below. The main purpose of this paper is to discover additional new SHSAWs that can propagate in the PEM using the same set of the boundary conditions at the vacuum-solid interface:
, and B = B f . Therefore, two new solutions for new SH-SAW propagation are obtained in subdivisions (i) and (ii) below. Also, it is necessary to state that this theoretical study can be useful for constitution of a set of technical devices based on smart PEM solids and the further researches on the propagation of the plate and interfacial SH-waves.
(i) Similar to the theory developed above for the PEM SH-wave propagation (see also in book [61] ) it is possible to start with the analysis of three homogeneous equations from (42) to (44) in two unknowns F and F 3 . The second possibility for coupling mechanism (7) of CMEMC (4) such as (εμ -α 2 ) can be also treated when there is also the coupling with the vacuum electrical constant ε 0 . Therefore, Equation (43) (42) and (44) together forming a system of three homogeneous equations in two unknown weight factors F and F 3 . It is flagrant that these three equations can become dependent on each other as soon as Equation (42) (44) is multiplied by -ε 0 μ/α. Accordingly, three equations from (42) to (44) 
It is flagrant that it is convenient to cope with the set of two homogeneous equations in two unknowns F and F 3 instead of three equations from (55) to (57) written above. A sum of Equations (55) and (57) 
Therefore, the velocity V new10 of the tenth new anti-plane polarized SAW propagating along the free surface of the PEM medium is obtained by a subtraction of Equation (58) from Equation (59) . Also, the velocity V new10 can be obtained by a successive subtraction of Equations (55) and (57) 
In expression (60), the following equality e h µ α = results in V new10 = V tem . So, it is possible to state that the new SH-SAW discovered in this paper can propagate with the velocity V new10 expressed by formula (60) . This is the new solution that was not considered in book [61] . Concerning the SH-wave propagation in the PEM plates [65] , solution (60) discovered in this paper is more preferable and convenient than solution (50) discovered in book [61] . Also, solution (60) looks like simple one compared with solution (50). However, one can find a very interesting peculiarity:
( ) 2 0 K α α → → ∞ results in the fact that the new SH-SAW defined by expression (60) cannot exist because the expression under the square root in formula (60) can have a negative sign resulting in an imaginary value of the SH-SAW velocity. This peculiarity does not exist for solution (50) allowing SH-SAW propagation for very small values of the electromagnetic constant α, even for α = 0.
(ii) Consider the second case that also leads to discovery of an extra new SH-SAW. However, it is essential to clarify why this case must be considered. The author of this paper has understood that this case can be possible after the study of the interfacial SH-wave propagation directed by the perfectly bonded interface between two dissimilar PEMs of symmetry class 6 mm [64] . This case is relevant to coupling mechanism (5) of CMEMC (4) such as (eμ -hα).
Let's start with the analysis of three equations from (42) to (44) . It is indispensable to treat Equation (42) as the main equation that couples Equations (43) and (44) in a set of three homogeneous equations to make them consistent. For this purpose, it is necessary to multiply the left-hand side of Equation (43) (44) by the piezomagnetic constant h because it already has the factor such as the constant α. As a result, three equations from (42) to (44) can be rewritten as follows:
The set of three equations from (61) to (63) can be rewritten as a set of two corresponding equations for convenience. Indeed, a sum of Equations (62) and (63) allows one to compose the following apt set of two homogeneous equations:
These two equations lead to the following explicit form for the velocity V new11 of the eleventh new SH-SAW: 
It is obvious that the following equality V new11 = V tem occurs in expression (66) as soon as one treats the case of ( ) ( 
where ( )
With h = 0, formula (67) reduces to formula (53) for the velocity V BGpe of the surface Bleustein-Gulyaev wave [72] [73] existing in a purely piezoelectric solid. So, it is possible to conclude that the consideration of CMEMC coupling mechanism (5) such as (eμ -hα) results in the new SH-SAW propagating with the velocity V new11 defined by explicit form (66) . Solutions (50), (60) , and (66) are true because they are based on the natural coupling mechanisms of the CMEMC.
Numerical Results and Discussion
Comparative numerical calculations are listed in Table 1 for the different BaTiO 3 -CoFe 2 O 4 composites. For comparison, the table provides results of the calculations of the propagation speeds for six known SH-SAWs that can exist for the same set of the electrical and magnetic boundary conditions: the velocities V new1 , V new2 , V new8 , V new9 , V new10 , and V new11 of the first, second, eighth, ninth, tenth, eleventh new SH-SAWs. The reader can find that all the speeds of the studied new SH-waves are slower than the SH-BAW speed V tem . The interesting issue is the existence of the eighth and tenth new SH-SAWs. The eighth can exist only for the 20% volume fraction On the other hand, the tenth can exist only for the 80% volume fraction. This fact can be explained by a strong dependence of the nondimensional parameter α 2 /εµ. This interesting found moment by the numerical study can be researched in the future more widely because this short report theoretically predicts and numerically demonstrates the existence of the new SH-SAWs.
Let's continue our debates on the following problem: how many surface SH-waves can exist in the transversely isotropic piezoelectromagnetics. This is an important question because there is an opinion that in this particular case, an infinite number of analytical solutions obtained in explicit forms can be found. For today, the author can certainly state that as many as fourteen different SH-SAWs can propagate treating different sets of the electrical and magnetic boundary conditions. Indeed, the author of this theoretical report can agree only with three SH-SAWs of twelve theoretically discovered by Melkumyan [60] . Seven new SH-SAWs were theoretically discovered in book [61] , two new SH-SAWs were discovered in paper [75] , and extra two new SH-SAWs were discovered in this report. The number of possible SH-waves is big but it does not approach an infinity. The reader can check the relatively simple mathematics used above in this report to analytically find possible extra solutions.
Concerning the boundary conditions used in this report, they represent the most complicated case. Therefore, more possibilities can exist and as many as six new SH-SAWs were discovered: the first and second in book [61] , the eighth and ninth in paper [75] , and the tenth and eleventh in this report. The existence of six SH-SAWs for the same set of the boundary conditions at the solid-vacuum boundary (σ 32 It is possible to assume that the first two mechanisms represent exchange ones and only the third can relate to the magnetoelectric effect. Therefore, different solutions correspond to different CMEMC coupling mechanisms. The other important factor that influence of the number of possible SH-SAWs is the fact that there are two different sets of the eigenvector components for the same eigenvalue.
Utilization of two different sets of the eigenvector components can frequently lead to two different solutions. This fact certainly increases the number of possible SH-SAWs that can propagate in the transversely isotropic piezoelectromagnetics. It is also discussed that so many solutions for the transversely isotropic case are possible because only one of three suitable eigenvalues defined by formulae (8) and (9) depends on the phase velocity and all the apt corresponding eigenvector components do not depend on the velocity. The different picture there is for the problem of SH-SAW propagation in the cubic piezoelectromagnetics. It was numerically found in book [62] that two different sets of the eigenvector components lead to the same result for the propagation velocity. As a result, only seven possible new SH-SAWs were numerically found in [62] : two different sets of the eigenvector components actually lead here to the same result for the propagation velocity for each possible set of the electrical and magnetic boundary conditions. The interesting issue is that the solutions can be obtained only by an analytical method for the transversely isotropic case but the solutions (after expanding the determinant of the boundary conditions) can be obtained only by a numerical method for the cubic case. The author will be glad if one can find analytical solutions for the cubic case. Also, the solution for the surface Bleustein-GulyaevMelkumyan wave can be also found analytically in the cubic piezoelectromagnetics [62] .
Finally, some incorrect solutions obtained in papers [79] [80] and mentioned in review [1] for the propagation problem of SH-wave managed by the PEM free surface are also exist. It is possible to discuss them in a few words. These incorrect solutions pertain to the same set of the boundary conditions at the solid-vacuum boundary: σ 32 . The authors of theoretical articles [79] [80] have used the other theoretical methods leading to the other forms [1] that are different from formulae (50), (60) , and (66) . Moreover, their results discussed in review [1] even differ from each other. Review paper [1] has also exhibited that their results are incorrect because they can definitely mix two different eigenvectors for the same material. The eigenvector mixing is possible when one eigenvector is used for one material and the second for the second material for the problem of the interfacial SH-wave propagation along the common interface between two dissimilar piezoelectromagnetics that was analytically demonstrated in paper [81] . Besides, the authors of papers [79] [80] did not demonstrate that they have found suitable eigenvectors. It is worth noting that to find all the suitable eigenvalues and the corresponding eigenvectors is the main mathematical procedure to resolve the coupled equations of motion. Therefore, the authors of papers [79] [80] did not find any true solutions for the coupled equations of motion and the author of this paper cannot agree with their solutions. Their method can be used for the study of this particular and particularistic case and cannot be used for the other cases, for instance, for the problem of the SH-SAW existence in the cubic piezoelectromagnetics.
Conclusion
This theoretical work has demonstrated that extra two new solutions of new SH-SAWs propagating along the free surface of the transversely isotropic PEM medium of symmetry class 6 mm can be found. The discovered two SH-SAWs relate to the case of σ 32 The obtained theoretical results can be useful for constitution of an assortment of technical devices based on smart PEM materials. Also, it is thought that the obtained theoretical results can be useful for development of some further research on the propagation of the interfacial SH-waves and the plate SH-waves in the PEM (composite) systems are required to better understand their properties. Different SH-waves actually represent an interest in sensor technologies, nondestructive testing and evaluation of surfaces, interfaces, and plates.
